The left-invariant sub-Riemannian problem with the growth vector (2, 3, 5, 8) is considered. A two-parameter group of infinitesimal symmetries consisting of rotations and dilations is described. The abnormal geodesic flow is factorized modulo the group of symmetries. A parameterization of the vertical part of abnormal geodesic flow is obtained.
Problem statement
Let L be the free nilpotent Lie algebra with 2 generators of step 4. There exists a basis L = span(X 1 , . . . , X 8 ) in which the product table in L reads as follows:
Let G be the connected simply connected Lie group with the Lie algebra L. Consider the leftinvariant sub-Riemannian structure [1, 2] on G defined by (X 1 , X 2 ) as an orthonormal frame. The corresponding optimal control problem reads as follows:
3)
x(0) = x 0 = Id, x(t 1 ) = x 1 , (1.4)
5)
A symmetric model of this problem is the following one [4] :
(1.8)
In this paper we continue the study of abnormal extremals in problem (1.3)-(1.5) started in [3, 5] . Notice that the normal geodesic flow in problem (1.3)-(1.5) is not Liouville integrable [6] .
Denote by D the distribution spanned by the vector fields X 1 , X 2 , and by g the inner product in D determined by (X 1 , X 2 ) as an orthonormal frame. Then (D, g) is the sub-Riemannian structure given by (X 1 , X 2 ) as an orthonormal frame.
This work has the following structure. In Section 2 we describe some infinitesimal symmetries of the sub-Riemannian structure (D, g) and the distribution D -rotation X 0 and dilation Y . In Section 3 we lift these symmetries to the cotangent bundle T * G. In Section 4 we describe the action of these lifted symmetries on the Hamiltonian system for abnormal extremals. In particular, we show that initial conditions for abnormal extremals can be factorized via the rotations to a fundamental domain {h 7 = 0}. In Section 5, we give an explicit parameterization of rotations. In Section 6 we present an explicit parameterization of the vertical part of abnormal extremals with initial conditions in the fundamental domain {h 7 = 0}. Finally, in Section 7 we conclude on final parametrization of abnormal extremals for arbitrary initial conditions.
Infinitesimal symmetries of (D, g) and D
Definition 1. A vector field V ∈ Vec G is called an infinitesimal symmetry of a distribution D if its flow e tV preserves D, i.e., e tV * D = D. A vector field V ∈ Vec G is called an infinitesimal symmetry of a sub-Riemannian structure (D, g) if its flow preserves both the distribution D and the inner product g, i.e., e tV * D = D and (e tV ) * g = g.
The Lie algebras of symmetries of a distribution D (a sub-Riemannian structure (D, g)) will be denoted by Sym(D) (respectively Sym(D, g)).
Symmetries of distributions and sub-Riemannian structures may be computed via the following Proposition [7] . Let X ∈ Vec(G). (1) There exists a vector field Y ∈ Sym(D) such that
In model (1.6)-(1.8) this vector field reads
(2) There exists a vector field X 0 ∈ Sym(D, g) such that
(3) The vector fields Y and X 0 commute: [Y, X 0 ] = 0.
Proof. Follows from Theorem 2 [4] .
The product table given by Eqs. (1.1), (1.2) yields the following statement.
Corollary 1.
(1) The symmetry Y has the following Lie brackets with the basis vector fields in Lie algebra L:
(2) The symmetry X 0 has the following Lie brackets with the basis vector fields in Lie algebra L:
Lift of symmetries to T * G
Introduce Hamiltonians linear on fibers and corresponding to the vector fields X i , Y :
where π : T * G → G is the canonical projection. Consider the corresponding Hamiltonian vector fields on
The vertical part of these vector fields reads in the coordinates (h 1 , . . . , h 8 ) as follows: the rotation h 0ḣ
the dilation h Yḣ
The phase flow of rotations is visible via the Casimir Δ = h 6 h 8 − h 2 7 : we have
The vertical part of the field h 0 is tangent to the closed curves {Δ = const, h 6 + h 8 = const}, thus it is periodic. An explicit parameterization of the flow of ODE (3.1) is given in Section 7.
Canonical abnormal flow and its symmetries
We described in [5] the structure of abnormal extremals for the sub-Riemannian structure (D, g) in terms of the Casimir Δ and an integral of abnormal extremals I = h 8 h 2 4 − − 2h 7 h 4 h 5 + h 6 h 2 5 . In the (asymptotic) case Δ < 0, I = 0 projections of abnormal extremals to the plane (h 4 , h 5 ) are straight lines or broken lines.
In the complementary (main) case Δ 0 or I = 0 projections of abnormal extremals to the plane (h 4 , h 5 ) are first-or second-order curves (straight lines, ellipses, hyperbolas, parabolas). In this case extremals are reparameterization of trajectories of the canonical Hamiltonian systeṁ
The vertical part of system (4.1) reads as follows:
Following [5] , we call system (4.2)-(4.4) the canonical system for abnormal extremals.
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The symmetries h 0 and h Y act on the canonical abnormal Hamiltonian vector field A = −h 5 h 1 + h 4 h 2 defined by system (4.1) as follows:
We get from the Lie brackets (4.5), (4.6) the following statement.
Proposition 1. For any t, s, r ∈ R we have
Consequently, we can find the vertical part of canonical abnormal extremals as follows:
For r = 0 we get:
It is obvious from (3.1) that the space R 3 h 6 ,h 7 ,h 8 factorizes by the flow of the rotation h 0 to the half-plane {(h 6 , h 7 , h 8 ) ∈ R 3 | h 7 = 0, h 6 − h 8 0}. Thus, we can take in (4.10)
We call the previous set the fundamental domain of the rotation h 0 . 
Explicit parameterization of rotations

Subcase I = 0
If I = 0, then system (4.3) has solutions h 4 ≡ 0, h 5 ≡ 0.
The hyperbolic case Δ < 0
In this case the fundamental set of rotation is If h 8 = 0, then h 4 (t) = 0, h 5 (t) = h 0 5 .
Subcase C = 0
We have h(t) ≡ h 0 .
Conclusion on parameterization of extremals
On the basis of results of the previous sections, we can get a parameterization of abnormal extremals (4.10), with explicit parameterization of λ t for the case λ 0 ∈ Ω ⊂ {h 7 = 0} given in Section 6, and explicit parameterization of the flow e s h 0 as follows: An explicit parameterization of abnormal extremal trajectories will be performed similarly in a forthcoming paper.
